We give an example of a pure group that does not have the independence property, whose Fitting subgroup is neither nilpotent nor definable and whose soluble radical is neither soluble nor definable.
A family of L-structures {N i : i ∈ I } is uniformly interpretable in M if the family of domains is uniformly interpretable in M , as well as, for each symbol s of the language L, the family {s i : i ∈ I } of interpretations of s in N i .
Lemma 2 (D. Macpherson, K. Tent [9] ). Let M be an L-structure that does not have the independence property and let {N i : i ∈ I } be a family of L-structures that is uniformly interpretable in M . For every ultrafilter U on I , the L-structure i∈I N i /U does not have the independence property. 
The pure group G does not have the independence property.
Proof. Consider the group GL m (Z p ) over the ring Z p of p-adic integers, and the normal subgroups 1 + p n M m (Z p ) for every n 1. One has the group isomorphism
Therefore, the family of groups {GL m (Z/p n Z) : n ∈ N} is uniformly interpretable in the ring M m (Q p ), which is interpretable in the field Q p of p-adic numbers, hence NIP by [8] . By Lemma 2, the group G does not have the independence property. §1. Preliminaries on the normal structure of GL m (Z/p n Z). Given a field k, the normal subgroups of the general linear group GL m (k) are precisely the subgroups of the centre and the subgroups containing the special linear group SL m (k) (J. Dieudonné [4] ). In particular, the maximal normal soluble subgroup of GL m (k) is the centre, except for the two soluble groups GL 2 (F 2 ) and GL 2 (F 3 ). The situtation is different for the general linear group GL m (Z/p n Z) over the ring Z/p n Z, whose normal subgroups are classified by J. Brenner [3] . We follow also W. Klingenberg [7] who deals with the normal subgroups of the general linear group over a local ring R, which applies in particular to Z/p n Z.
there is a maximal n such that g belongs to GC m ( ). We call the congruence order of g.
The 
For any real number x, we write x for the floor of x, that is x is the greatest integer k such that k x.
For any m 2, 1, and n 1, the group
. . .
so the nilpotency class of 1 + pM m (Z/p n Z) is n − 1 when n 1. For every natural number q satisfying n − q , one has
so the greatest q such that the above qth centre is a proper subgroup is the greatest q satisfying n − q > . As one has
For any real number x, we write x for the ceiling of x, that is x is the least integer k such that k x. 
We have thus shown that for every natural number k, the kth derived subgroup
The derived length of PC m ( ) is the least k such that 2 k n.
Then n (k) is the smallest natural number satisfying the equality n n (k) = k.
Proof. Let n = q(k + 1) + r be the Euclidian division of n by k + 1, with q k and 0 r < k + 1. Then one has
so n (k) satisfies the equality. It is the smallest such, as one has
so that d n (k) satisfies the equality. It is the smallest such, as
We call Fitting subgroup of G and write F (G) the subgroup generated by all its normal nilpotent subgroups. By Zorn's Lemma, any nilpotent subgroup of G of nilpotency class k is contained in a maximal such, which might not be unique. Proof. Consider the formula 
Theorem 2.3 (Fitting subgroup of G). If the ultrafilter U is nonprincipal, for every natural number k, G has a unique maximal normal nilpotent subgroup
hence the Fitting subgroup of G is
Proof. Let k be a fixed natural number. By Lemma 1.3 and Lemma 1.5, the normal subgroup
of GL m (Z/p n Z) has nilpotency class k for all but finitely many n. As U contains the Fréchet filter and as being of nilpotency class k is expressible by a first order formula in the pure language of groups according to Lemma 2.1, by Łos Theorem, the ultraproduct
is a normal nilpotent subgroup of class k of G. Reciprocally, if g belongs to a normal nilpotent subgroup of class k, then g G generates a normal nilpotent subgroup of class at most k. By Łos Theorem, there is a set I ∈ U such that for all n ∈ I , the conjugacy class g Gn n generates a nilpotent normal subgroup g Gn n of G n of class at most k. Let n ∈ I be fixed. By Theorem 1.2, there is a unique natural number 1 n such that
As 1 + p M m (Z/p n Z) is nilpotent of class n−1 , one must have k n−1 . From Lemma 1.5, it follows that n−1 (k) for all but finitely many n in I , so that g belongs to the desired ultraproduct.
To show that the Fitting subgroup of G is not definable, let g n, be the elementary transvection 1 + p e ij of H n for every 1 < n. By Proposition 1.1, one has
generates a nilpotent subgroup of nilpotency class n . For every 1, let n = k n + r n where k n and r n denote the quotient and rest of the Euclidian division of n by and let g denote the class modulo U of −1 (y 1 , . . . , y 2 −1 ) = 1. We call soluble radical of G and write R(G) the subgroup generated by all its normal soluble subgroups. 
R(G) is neither soluble, nor definable.
Proof. By Lemma 1.4, Lemma 1.6, Lemma 2.4 and Łos Theorem, S is a normal soluble subgroup of G of derived length . By Theorem 1.2 and Lemma 1.6, S is maximal such. Note that 1 + n 2 +1 n 2 holds for every n and , so that one has S ⊂ N 2 hence R(G) and F (G) coincide. §3. Acknowledgments. Many thanks to T. Altinel for stimulating exchanges and A. Fehm for a stimulating conversation.
